The bioconversion of glycerol to 1,3-Propanediol by Klebsiella pneumoniae (K. pneumoniae) is a complex bioprocess. Because the transport mechanism of glycerol across cell membrane of K. pneumoniae was still not adequately understood, it is difficult to formulate reliable mathematical models. In this study, we aim to explore a novel model for describing the process of glycerol batch fermentation. This is achieved by a hybrid of a fuzzy expert system with a physical model framework. Some important properties of the proposed system are then discussed. To determine the model parameters, we establish a parameter identification model with the relative error of experimental data and simulating results as performance index. An optimization algorithm is developed to solve the identification model on the basis of constrain transcription and smoothing approximation techniques. Finally, the numerical simulations show the validity of the proposed model and the effectiveness of the optimization algorithm.
Introduction
1,3-Propanediol (1,3-PD) as an important chemical product has numerous applications in medicines, cosmetics, lubricants, food and polymers [1] . Its microbial production is recently paid attention to throughout the world for its high production, low cost and no pollution [1] [2] [3] [4] . Glycerol can be converted to 1,3-PD by several microorganisms [1] . Among all kinds of microbial productions of 1, 3-PD, glycerol bioconversion to 1,3-PD by Klebsiella pneumoniae (K. pneumoniae) has been widely investigated since the 1980s due to its high productivity [4] .
A number of mathematical models have been developed to describe the fermentation process of glycerol by K. pneumoniae. In 1995, Zeng et al. proposed firstly a kinetic model to describe the fermentation process of glycerol [2] . The phenomena and characteristic of oscillation and hysteresis were then studied in [1, 5] . In 2000, the model was improved by Xiu et al. [4] , so that it not only can describe substrate consumption and products formation in a large range of glycerol concentrations in the feed medium, but also can predict the occurrence of multiplicity in this bioprocess. Thereafter, based on this model, parameter identification, system stability and optimal control of glycerol fermentation in continuous and batch culture have been extensively discussed [6, 7] . For the fed-batch fermentation process of glycerol, nonlinear impulsive dynamical systems have been extensively investigated [8] [9] [10] [11] . Taking the feeding process of glycerol as a time-continuous process, Wang proposed a novel hybrid system to describe the fed-batch fermentation process [12] . Subsequently, the properties, parameter identification problem and optimal control problem for the system have been investigated [13] . Nevertheless, some important intra-cellular substances were not taken into consideration in the above models. In 2008, Sun et al. [14] firstly took three intracellular substances in reductive pathways into consideration and constructed a nonlinear enzyme-catalytic dynamical system to describe the continuous and batch fermentations of glycerol, in which it was assumed that glycerol passes the cell membrane of K. pneumoniae by passive diffusion coupling with active transport and 1,3-PD is transported by passive diffusion. On the basis of the literature [14] , Ye et al. [15] , Wang et al. [16] and Zhai and Yea [17] , in consideration of three possible transport mechanisms (i.e., active transport, passive diffusion, active transport together with passive diffusion) for glycerol and 1,3-PD, constructed corresponding dynamical systems, respectively, and then inferred the most reasonable metabolic mechanism on the basis of a criterion that the most robust dynamical system is the most reasonable one.
However, to our best knowledge, the transport mechanisms of glycerol across cell membrane of K. pneumoniae were still not completely observed in the laboratory. Richery and Lin [18] , Heller et al. [19] , by comparing transport mechanisms of glycerol across cell membrane of Escherichia coli with that of K. pneumoniae, draw the heuristical knowledge that glycerol could pass cell membrane of K. pneumoniae by passive diffusion at high glycerol concentration and by active transport significantly only when the concentration of glycerol is at low concentration. In the previous literature [15] [16] [17] , only a unique deterministic transport mechanism was assigned to the substrate glycerol in the so-call robustness dynamical system. So these models cannot describe the above heuristical knowledge in glycerol transport mechanism.
There are several different ways of representing heuristics knowledge, where the most popular technique is fuzzy logic [20] . Since the classical paper [21] of L.A. Zadeh, fuzzy system has gained recognition and was intensively applied in mathematics and computer sciences [22, 23] . By combining black box techniques (e.g. fuzzy system and neural network) with a physical model framework, hybrid models can be obtained. Such models have the advantages of high level of interpretability and the ability to deal with complex nonlinear behavior, and have been widely used in biological modeling studies, especially in the case that the mechanisms ruling the biological processes are not adequately understood [24, 25] .
In this paper, we study the modeling of glycerol bioconversion to 1,3-PD in batch culture. Based on qualitative heuristic knowledge from biochemists, a hybrid model is constructed to describe the batch culture by introducing a fuzzy expert system into the enzyme-catalytic dynamical system. Some important properties of the proposed system are then discussed. To determine the parameters of the proposed system, a parameter identification model with the relative error of experimental data and simulating results as performance index is established. To solve the identification model, an optimization algorithm is developed on the basis of constrain transcription and smoothing approximation techniques. Numerical simulations indicates that the proposed hybrid model is proper.
The rest of this paper is organized as follows. In Section 2, a hybrid model of batch culture is established. In Section 3, some important properties of nonlinear dynamical systems are investigated. In Section 4, we propose a parameter identification model for the system and construct a feasible algorithm to solve it. Conclusions are presented at the end of this paper.
Nonlinear dynamical system of batch culture
The fermentation of glycerol covers both extracellular and intracellular environments which are linked by the transports of substrate and products across cell membranes. During glycerol metabolism, glycerol is firstly transported to the intracellular environment from the extracellular across membrane, and then is further catabolized, reactions catalyzed by enzymes, to generate intermediates and final product 1,3-PD, finally, intracellular 1,3-PD is transported to the fermentative broth as 
À lx 6 ðtÞ;
where xðtÞ :¼ ðx 1 ðtÞ; x 2 ðtÞ; . . . ; x 8 ðtÞÞ T is state vector. To simplify notation, let I n :¼ f1; 2; . . . ; ng and x i ; i 2 I 8 . The specific growth rate of cells l, the specific consumption rate of extracellular glycerol q 2 and specific formation rate of products are respectively expressed by the following equations 
Table 1
The constants and the values of critical concentrations [4, 14] . where k i ; i 2 I 13 are kinetic parameters, and x i and x i ; i 2 I 8 are the critical concentrations of various substances. Under anaerobic conditions at 37°C and pH 7.0, parameters in Eqs. (9)- (14) and the critical concentrations for cells growth are listed in (1)- (8).
However, the transport mechanisms of extracellular glycerol are still not clear. Because transport of glycerol across cell membrane of K. pneumoniae is similar to that of E. coli with an identity of 80.9% [26] , Richery and Lin [18] and Heller et al. [19] draw the heuristical knowledge that glycerol could pass cell membrane of K. pneumoniae by passive diffusion at high glycerol concentration and by active transport significantly only when the concentration of glycerol transport mechanisms is at low concentration. Because the above dynamical system (15) does not meet the heuristical knowledge of glycerol transport, we shall modify the above dynamical system by incorporating qualitative heuristic knowledge from biochemists via a fuzzy expert system approach.
For active transport and passive diffusion, the specific consumption rate of extracellular glycerol can be respectively described as Eqs. (16) and (17) based on [14, 16, 17] 
where k 1 ; k 2 and k 3 are kinetic parameters whose concrete biological meanings can be referred to the previous literature [14] . During the batch fermentation process, extracellular glycerol concentration gradually descend. So, the range of extracellular glycerol concentration can be divided into different phases in which different transport mechanisms of glycerol across cell membrane are dominating. By the actual experiment, we take the interval ½0; x 2 as the universe of discourse. We define the fuzzy sets A i ði ¼ 1; 2Þ, where the fuzzy sets are complete and consistent. A 1 and A 2 characterize high and low two fuzzy concepts of extracellular glycerol concentration, respectively. In this paper, Sigmoid membership functions are used to represent the fuzzy sets A 1 and A 2 . We can take the membership functions as follows [27] l A 1 ðx 2 ; a; cÞ ¼
where að> 0Þ and c are antecedent parameters to be identified. The parameter a control the slopes of the Sigmoid functions, ðc; 0:5Þ is the center of the Sigmoid functions. According to the heuristics knowledge [18, 19] that glycerol could pass the membrane by passive diffusion at high concentration and by active transport when the concentration of glycerol is very low, therefore, it is reasonable to provide the idea to give the fuzzy rules as follows
The rule (1) states that if the value of x 2 is high then the specific consumption rate of extracellular glycerol is determined by the equivalent q 1 2 ; Similarly, the rule (2) states that if the value of x 2 is low then the specific consumption rate of extracellular glycerol is determined by the equivalent q 1 2 . It is noted that the membership functions of consequent part are adapted fuzzy singleton function [28] . We can now use the above fuzzy rules to construct a nonlinear mapping that is input function q 2 to describe the specific consumption rate of extracellular glycerol. By the defuzzification method, the specific consumption rate of extracellular glycerol can be expressed as follows
where
So, mass balances of intracellular glycerol can be reconstructed as follows
where k 5 ; k 6 ; k 7 and k 8 are kinetic parameters whose concrete biological meanings can be referred to the previous literature [14] .
we define the admissible range of parameters vector as: D u;0 :¼ P 15 j¼1 ½u j ; u j . By replacing (6) and (10) with (19) and (18), based on (15), the improved nonlinear dynamical system g NDS is denoted by _ xðtÞ ¼ e f ðx; uÞ; t 2 ½0; t f ;
Properties of the nonlinear dynamical system
In this section we will prove some properties of the solutions to the system (20) , such as the existence and uniqueness, uniform boundedness and so on.
Property 1.
The function e f ðÁ; ÁÞ defined in (20) Proof. In view of Property 1 and 2, we obtain that, for each u 2 D u;0 , kxðt; uÞk 6 kx
kxðs; uÞ þ 1kds:
By the Gronwall inequality, it follows that kxðt; uÞk 6 M; 8t 2 ½0; t f ;
where M :¼ ðkx 0 k þ KTÞexpðKTÞ. Now, we define the set of the solutions to g NDS as S 0 ðuÞ :¼ fxðÁ; uÞjxðÁ; uÞ is a solution to g NDS with u 2 D u;0 g:
we define the set of admissible solutions as S w ðuÞ :¼ fxðÁ; uÞjxðÁ; uÞ 2 S 0 ðuÞ and xðt; uÞ 2 W a ; 8t 2 ½0; t f g:
The set of feasible parameter vectors is defined as D u;1 :¼ fu 2 D u;0 jxðÁ; uÞ 2 S w ðuÞg: Ã
Parameter identification model and algorithm
In this section, a parameter identification model for the system (20) is proposed and a feasible algorithm is constructed to solve it. Let I N :¼ f1; 2; . . . ; Ng be the serial number set of experiments in batch culture, where N is the total experiment times. For the jth experiment, we have measured the substance concentrations at different instants t i ; i 2 I M j , where M j denotes measure times during the jth fermentation process. Let y j ðt i Þ :¼ ðy On the basis of the factual fermentation, we make the following assumptions.
(H1) For given x 0 2 W a , the system g NDS is controllable and observable. (H2) D u;1 is nonempty in R 15 . Similarly to [16] , we can prove the following theorem. For the problems (PIP), it is difficult to directly judge whether the constraint condition u 2 D u;1 holds or not. In fact, the essential difficulty lies in the judgement of the condition xðtÞ 2 W a ; 8t 2 ½0; t f . To surmount these difficulties, let g l ðt; uÞ ¼ x l ðt; uÞ À x l ; g 8þl ðt; uÞ ¼ x l À x l ðt; uÞ; l ¼ 1; 2; . . . ; 8:
The condition xðt; uÞ 2 W a ; 8t 2 ½0; t f is equivalently transcribed into
where GðuÞ ¼ P 16 l¼1 R t f 0 maxf0; g l ðt; uÞgdt. However, GðuÞ is non-smooth in u, standard optimization routines would have difficulties in dealing with this type of equality constrains. The following smoothing technique is to replace maxf0; g l ðt; uÞg witĥ g l ðt; uÞ, wherê ; if À 6 g l ðt; uÞ 6 ; g l ðt; uÞ;
if g l ðt; uÞ > ;
where > 0 is an adjustable parameter controlling the accuracy of the approximation. Note that
is a smooth function in u. The equality constraint (24) now can be approximated bŷ
In fact, (25) is slacked off to the following inequality constraint in the computation G ;c ðuÞ ¼ c þĜ ðuÞ P 0; ð26Þ where c > 0 is an adjustable parameter controlling the feasibility of the constraint (25) .
Next, we shall give the gradient formula for the approximate constraint functionals with respect to the identified parameters.
Theorem 2. For each > 0; c > 0, the gradients of the constraint functionalĜ ;c ðuÞ given in (26) 
where HðxðtÞ; u; kðtÞÞ is defined as in (28) . Using integrating by parts and Mxð0juÞ ¼ 0, we have
Choose k to be the solution of the costate system (29) Since p i is arbitrary, the conclusion (27) of the theorem follows. Let Next, we shall develop a gradient-based improved Particle Swarm Optimization algorithm to solve the approximate problem (PIP ;c ).
PSO is a population based stochastic optimization technique developed by Dr. Eberhart and Dr. Kennedy in 1995 [32] , inspired by social behavior of bird flocking or fish schooling. PSO has attracted wide attention in evolutionary computing, optimization and many other fields [33, 34] . In a typical PSO, each particle 'flies' over the search space to look for promising regions according to the experiences of both its own and those of the groups. Thus, the movement of a particle is governed by three behaviors, namely, inertial, cognitive and social. The cognitive behavior helps the particle to remember its previously visited best position. Traditionally, the original PSO method deals with problems without any constraints and easily converges to the local optima. In order to handle the bounds of parameters and state constraints in (PIP ;c ), and more effectively to identify the promising solution region, we make some improvements to the original PSO proposed in [32] . Considering M particles in the evolution process, the position and velocity of the ith particle can be represented by u i ¼ ðu 15 Þ, respectively, and the lower bound and upper bound of the position are denoted by u h and u h , which can be obtained by the actual experiments. Furthermore, denote the personal best and worst position of the ith particle by pbest i and pworst i and the best position of whole population by gbest. The improved evolutionary strategies of the ith particle are as follows.
A reflection strategy is introduced to deal with parameters outside bounds. Assume that the position of the ith particle at the k þ 1th step violates boundary constraints, then position is treated as follows:
where u i h ðkÞ is the hth component of the ith particle at the kth step, i 2 I M ; h 2 I 15 . To explore the search space very effectively, a split-up in the cognitive behavior is proposed. That is, the particle is made to remember not only its previously best position visited but also its worst position. So the new updating strategy of the velocity and position of the ith particle at the k þ 1th step are introduced as follows: with Armijo line search. In order to avoid the premature convergence and oscillation in the neighbor of the global optimal solution, inertia weight xðkÞ at the kth step is updated according to the following formula
where x max and K are the maximum inertia weight and the maximum iterative times, respectively.
The main steps of the improved PSO (IPSO) algorithm are listed as followed:
Step 1. Initialize: set the total number of particles in the swarm M, the region of parameters D u;0 & R 15 , maximum allowable velocity of particle V max ¼ ðv max;1 ; . . . ; v max;15 Þ, the maximum iterative times K max and the cognitive and social scaling parameters c 1g ; c 1b ; c 2 , and maximum inertia weight x max . Let the iterative time be k, and set k ¼ 1. Step 2. Randomly generate M particles from the region D u;0 according to the uniform distribution. Memorize the personal best and worst position of ith particle by pbest i and pworst i and the best position of whole population by gbest.
Step 3. 
Otherwise, update the velocity and position of each particle according to Eq. (36), and goto Step 3.
Numerical results
Based on the reactant composition and cultivation conditions, determination of biomass, substrate and metabolites were reported in [14] . In the IPSO algorithm, the number of initial particles swarm M, the maximum iterative times K and the para- , respectively. We simulate the process of the batch fermentation according to the identified parametersû. Fig. 2 shows the membership functions of antecedent part of rules, in which the ordinate represents the concentrations of residual glycerol, and the abscissa represents the corresponding membership. For comparison, the convergence curves of improved PSO algorithm and PSO algorithm are also given in Fig. 3 . From Fig. 2 , one can draw a conclusion that glycerol could pass the membrane of K. pneumoniae by only active transport at lower 8 mmol L
À1
, passive diffusion of glycerol is the dominant mode when the concentration of glycerol is more than 21.632 mmol L
, and active transport is the dominant mode at lower 21.632 mmol L
, which are consistent with conclusions of previous work [14, 18, 19] .
Figs. 4 and 5 shows experimental and stimulated results of the batch culture by K. pneumoniae at different initial conditions. Define the relative errors between the experimental data and the computational results as follows: [14] , the relative error between the experimental data and the computational results is greatly reduced. From Figs. 2, 4 and 5, we can draw a conclusion that the hybrid model proposed in this paper can describe not only the batch fermentation process but also heuristical knowledge in glycerol transport mechanism. Numerical results also show that the optimization algorithm is effective. 
Conclusions
In this paper, base on expert knowledged, we propose a hybrid model to describe the actual process of batch cultures and discuss some basic properties of solutions of the proposed system. To determine the model parameters, we establish a parameter identification model and construct an improved Particle Swarm Optimization (IPSO) algorithm to solve the parameter identification model. By comparing with the experimental results, numerical results not only indicate the hybrid model is suitable for the process of batch fermentation but also show that the optimization algorithm is effective.
